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Singularity analysis is performed for homogeneous deformations of any hyper-elastic, constrained anisotropic material,
under any type of conservative quasi-static loading. Critical conditions for branching of the equilibrium paths are deﬁned
and their post-critical behavior is discussed. Classiﬁcation of the simple (cuspoids) and compound (umbilics) singularities
of the total potential energy function is eﬀected. The theory is implemented into an umbilic elliptical singularity of an iso-
tropic and totally inextensible unit cube under normal loading.
 2007 Published by Elsevier Ltd.
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There is an extensive literature concerning the bifurcation of homogeneous deformations of hyper-elastic
materials. Stability studies of elastic homogeneous deformations under dead loading have been initiated by
Rivlin (1948, 1974). Various related studies may be found in Sawyers (1976), Ogden (1982, 1985), Kearsley
(1986), MacSithigh (1986), Chen (1987), and Ball and Schaeﬀer (1983). Hill (1982) presented a constitutive
branching method for anisotropic materials deﬁning critical conditions and post-critical branching paths.
The method is based upon a free generalized coordinate branching procedure and is described in Ogden’s text
(1984) in non-linear elastic deformations. Lazopoulos (2006a) has presented a free generalized coordinate
method for the classiﬁcation of the simple and compound branching of the homogeneous equilibrium paths
for non-constrained materials.
Constrained materials is an important topic in ﬁnite elasticity dealing with incompressible, inextensible and
totally inextensible materials. Those materials represent rubbers, composite materials and various crystals. In
many cases those constraints co-exist. Various analyses concerning internal constraints, may be found in the
works of Cohen and Wang (1987) and Marlow (1992). Beatty’s review article (1987) may be pointed out since0020-7683/$ - see front matter  2007 Published by Elsevier Ltd.
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(1973) and Ogden (1984) treatises might be mentioned, as further references on internal constraints. Lazopo-
ulos and Markatis (1994) have already presented such a method using Intrinsic Diﬀerentials theory, Porteous
(1994). In the present paper the Intrinsic Diﬀerentials method will be simpliﬁed and interpreted in the context
of ﬁnite elasticity under the simultaneous inﬂuence of multiple internal constraints.
The present work deals speciﬁcally with the constitutive branching of any anisotropic materials with any
number of constraints under quasi-static constant Piola–Kirchhoﬀ stress. Let us point out that the nine com-
ponents of the constant displacement gradient are restricted to six by the symmetry of the Cauchy tensor.
Since, the constitutive branching for an anisotropic material under quasi-static loading involves a large num-
ber of generalized coordinates, much larger than the dimension of the branching kernel space, formal bifur-
cation theory requires elimination of the passive coordinates, Vainberg and Trenogin (1974) and Thompson
and Hunt (1973), along with normalization of the energy function. Lifting those requirements is not a simple
matter. A free coordinate bifurcation method, emerged by Diﬀerential Topology, Porteous (1994), classifying
the various singularities, Arnold et al. (1986), has been invoked in the present analysis. The critical conditions
for the branching are derived and the post-critical paths are described without restriction of the stress tensor
increment. Furthermore, classiﬁcation of the various critical points will be performed. Explicit formulae will
be provided for the critical conditions and the description of the post-critical paths as well. The main contri-
bution of the present work is the bifurcation analysis in the compound case and the classiﬁcation of the umbil-
ical singularities. It is pointed out that classiﬁcation of the various singularities has recently been introduced as
a working tool for the study of the emergence of discontinuous deformation gradients in ﬁnite elastostatics,
Lazopoulos (2006b,c). Indeed, Maxwell’s sets are not included in the neighborhood of any singularity; in fact
the Maxwell’s sets are included in singularities of the same or higher order of the cusp, Gilmore (1981). Hence
the study of the various singularities of the potential energy for the homogeneous deformations of elastic
materials is quite important because the kind of that singularity is a material property.
The theory will be implemented to a speciﬁc transversely isotropic unit cube subjected to normal stresses.
The material of the cube is totally inextensible. The various steps of the theory are explained and the various
parameters and spaces are computed. The elliptic umbilic singularity of the speciﬁc material is located and the
equilibrium paths around the compound bifurcation state is described. Mathematica computerized algebra
pack, Wolfram (1996), has been applied for deriving the various formulae and computing.2. Mathematical formulation
Consider anisotropic homogeneous hyper-elastic material in its unstressed placement. The strain energy
density W is deﬁned by a function of the strain, Ogden (1984) and Green and Adkins (1960):W ¼ W ðeijÞ ð1Þwhere eij denote the nonlinear strains:eij ¼ 12ðuij þ uji þ uriurjÞ; i; j ¼ 1; 2; 3 ð2Þconforming with the usual notation of the derivative,uij ¼ ouioxj ð3Þof the displacement vector,u ¼ ðu1; u2; u3Þ ð4Þwith respect to material coordinates xj referred to the initial unstressed placement. Therefore, the total energy
function per unit volume of the stressed cube will be,V ¼ W ðeijÞ  tijuij ð5Þ
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Eq. (5) is valid only for dead loads and homogeneous deformations. In addition conservation of the rotational
momentum requires, Ogden (1984),TFT ¼ FTT ð6Þ
where T stands for the matrix of the ﬁrst Piola–Kirchhoﬀ stress tensor and F is the gradient of deformation
withF ij ¼ dij þ uij ð7Þ
Hence, condition (6) imposes the restrictions:ð1þ u11Þt21 þ u12t22 þ u13t23 ¼ t11u21 þ t12ð1þ u22Þ þ t13u13 ð8Þ
ð1þ u11Þt31 þ u12t32 þ u13t33 ¼ t11u31 þ t12u32 þ t13ð1þ u33Þ ð9Þ
u21t31 þ ð1þ u22Þt32 þ u23t33 ¼ t21u31 þ t22u32 þ t23ð1þ u33Þ ð10ÞIt is evident that there exist nine controlling parameters tij and nine unknown variables uij. In the general case
we may solve for three variables from Eqs. (8)–(10), let us say u21, u32, u31. Solvability condition is the non-
singular matrix of the coeﬃcients of the unknowns u21, u32, u31. Substituting into the total energy function V,
Eq. (5), of the elastic body, it appears,V ¼ V ðvi; tkÞ ¼ V ðuab; tcdÞ; i ¼ 1; . . . ; 6; k ¼ 1; . . . ; 9; and a; b; c; d ¼ 1; . . . ; 3 ð11Þ
wherev1 ¼ u11; v2 ¼ u22; v3 ¼ u33; v4 ¼ u12; v5 ¼ u13; v6 ¼ u23 ð12Þ
andt1 ¼ t11; t2 ¼ t22; t3 ¼ t33; t4 ¼ t12; t5 ¼ t13; t6 ¼ t23; t7 ¼ t21; t8 ¼ t31; t9 ¼ t32 ð13Þ
Therefore, the total energy function is deﬁned in the R6 · R9 space. In addition the elastic material is sub-
jected to r internal constraints described by the conditions,QsðeijÞ ¼ QsðviÞ ¼ 0; s ¼ 1; 2; . . . ; r < 6 ð14Þ
Hence the principle of virtual work establishing equilibrium demands that for the state of equilibrium the
work of the impressed forces be zero, for any inﬁnitesimal variation of the conﬁguration of the system, which
is in harmony with the given kinematical constraints, see p. 77.
In fact the present system lies a the six-dimensional space vi, i = 1, . . ., 6. Let us call virtual generalized dis-
placement dvi an inﬁnitesimal vector in the tangent space of the internal constraints manifold at an equilibri-
um point of the system. According to the principle of virtual work,dV ¼
X6
i¼1
V i dvi ¼ 0 ð15Þwith V i ¼ oVovi for any virtual generalized displacement vector dvi. It is recalled that the virtual generalized dis-
placement vector dvi should lie in the tangent space of the constraint manifold satisfying the equation:dQS ¼
X
Qsi dvi ¼ 0; i ¼ 1; . . . ; 6; s ¼ 1; . . . ; r < 6 ð16Þ
with Qsi ¼ oQ
s
ovi
.
It is clear the solutions dvi of the system (16) should always satisfy the virtual work, condition (15). Hence
the virtual displacement vector solution dvi has dimension i = 6  r (with r < 6); Eqs. (15) and (16) have to be
compatible. That means Eqs. (15) and (16) are linearly dependent. In other words there exists a vector r,r ¼ ½1; r1; r2; . . . ; rr ð17Þ
satisfying the equations:
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Xr
s¼1
rsQ
s
i ¼ 0 ð18Þfor every i = 1,2, . . ., 6. Consequently, the system (15) and (16) may be written in matrix form,V 1       V 6
Q11       Q16
           
Qr1       Qr6
2
6664
3
7775
dv1
dv2

dv6
2
6664
3
7775 ¼ 0 ð19Þwhich may be represented by a more compact form,Adv ¼ 0 ð20Þ
where A is the (r + 1) · 6 matrixA ¼
V 1       V 6
Q11       Q16
   . . .      
Qr1       Qr6
2
6664
3
7775 ¼
oV
ov1
      oVov6
oQ1
ov1
      oQ1ov6
           
oQr
ov1
      oQrov6
2
66664
3
77775 ð21Þand dv the generalized virtual vector,dv ¼
dv1
dv2

dv6
2
6664
3
7775 ð22ÞSince linearly independent constraints are considered, the matrix A of Eq. (21) has rank equal to r. Therefore,
Eq. (20) should be satisﬁed by 6  r independent solutions dv. The space of those solutions (which is the tan-
gent space of the constraint manifold, see Fig. 1) is denoted by the 6 · (6  r) matrix a. It is noticed that the
space a is exactly the space of virtual generalized vectors. Furthermore, there exists an 1 · (r + 1) vector r, Eq.
(17) satisfying Eq. (18). Therefore, the equilibrium condition is expressed by one of the two reciprocal
equations:Fig. 1. The tangent space of the constrained manifold.
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It is evident the values of the entries of the matrix A depend on the equilibrium point. Studying, further, the
equilibrium of the system in the generalized six-dimensional vector space vi at the point v0i under the action of
the nine-dimensional control parameters t0j , we denote by:y ¼ ðvi; tjÞ ð24Þthe ﬁfteen-dimensional space of the generalized vectors vi and the control stress vectors tj. Then, ify0 ¼ ðv0i ; t0j Þ ð25Þis an equilibrium point. The problem now is posed as follows:
Perturbing the parameters t0j so thattj ¼ t0j þ dtj ð26Þwith j dtjj  1, ﬁnd the new equilibrium generalized displacement vector,
vi ¼ v0i þ dvi ð27Þin the neighborhood of the equilibrium placement v0i .
Let us point out that unique incremental displacement vector dvi characterize the stable elastic systems.
However, the critical states are distinguished by the multiple incremental generalized displacement vector
dvi. When none dvi could be found, equilibrating the elastic system, under the action of the incremental param-
eter dtj, equilibrium breaks down and motion of the system is expected.
Since the perturbed equilibrium placement y = (v, t) satisﬁes the equilibrium equation, we get:½Aajy ¼ 0 ð28ÞFurthermore, Taylor expansion of the LHS of Eq. (28) around the initial equilibrium pointy0 ¼ ðv0; t0Þ, yields:
½Aay ¼ ½Aay0 þ ½Bay0dvþ ½Aday0 þ ½Atay0dtþ h:o:t ð29Þwith, B = $A, where the gradient is considered with respect to the variables vi and At ¼ oAot , i.e.B ¼
o2V
ov2
1
   o2Vov1ov6
        
o2V
ov6ov1
   o2V
ov2
6
2
664
3
775
o2Q1
ov2
1
   o2Q1ov1ov6
        
o2Q1
ov6ov1
   o2Q1
ov2
6
2
664
3
775
½::
o2Qr
ov2
1
   o2Qrov1ov6
        
o2Qr
ov6ov1
   o2Qrov2
6
2
664
3
775
2
6666666666666666666664
3
7777777777777777777775and
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o2V
ov1ot1
   o2Vov1ot8
        
o2V
ov6ot1
   o2Vov6ot8
2
64
3
75
o2Q1
ov1ot1
   o2Q1ov1ot8
        
o2Q1
ov6ot1
   o2Q1ov6ot8
2
64
3
75
½  
o2Qr
ov1ot1
   o2Qrov1ot8
        
o2Qr
ov6ot1
   o2Qrov6ot8
2
64
3
75
2
66666666666666666664
3
77777777777777777775Skipping the variables y0 in the presentation of Eq. (29) and recalling that both the perturbed y and the initial
y0 are equilibrium placements, the governing equilibrium Eq. (29) is simpliﬁed and yields,Badvþ Ada ¼ Atadtþ h:o:t: ð30Þ
The LHS of the equilibrium equation is its linear part with respect to (dv,da) whereas the R.H.S. stands for the
non-linear part of the equilibrium equation. Further, multiplying Eq. (30) by the cokernel r and recalling the
equilibrium Eq. (23a) we get the simpliﬁed version:rBa dv ¼ rAta dtþ h:o:t: ð31Þ
Since the generalized vector dv lies in the i = 6  r dimensional generalized vector space a, it may be represent-
ed by,dv ¼ ab ð32Þ
where r is a linear mapping from the Rj space, with j the dimension of the r vector, to the Ri space, where i is
the dimension of the a space already deﬁned. Then, Eq. (31) is simpliﬁed and becomes:rBa2b ¼ rAta dtþ h:o:t: ð33Þ3. The branching problem
According to formal branching theory Eq. (33) deﬁnes the unknown mapping b uniquely, if no solution b
exists, satisfying the linear homogeneous equation:rBa2b ¼ 0 ð34Þ
In this case Eq. (33) may uniquely be solved,b ¼ ðrBa2Þ1ðrAta dtÞ þ h:o:t: ð35Þ
yielding the unique solution of the equilibrium problem.
Nevertheless, when there exists b nonzero solution satisfying Eq. (35), branching of the equilibrium path
takes place. If j = 1 the branching is called simple, whereas if 1 < j the branching is called compound. Accord-
ing to branching theory (see Vainberg and Trenogin (1974)) for the simple or one-dimensional branching the
equilibrium path is deﬁned by:dv ¼ nabþ h:o:t: ð36Þ
where n is a small parameter to be deﬁned by the higher order terms of the Taylor expansion, Eq. (30), as a
function of the incremental forcing parameter dt. Further analysis requires the deﬁnition of the bilinear map
(tensor) beL(R,L(R,Ri)), withda ¼ bb ð37Þ
Since Eq. (37) is valid when the kernel space is multidimensional, the following proposition will be proved.
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and a multi-linear map b: Ri ! L(Ri,R6) satisfying the equation,ðBa2 þ AbÞb ¼ 0 ð38Þ
which is equivalent to Eq. (34).
Proof. Let us consider dv1, dv2, . . ., dvj independent displacement vectors to which correspond j linear map-
pings da1, . . ., daj satisfying:Bdvkaþ Adak ¼ 0 with k ¼ 1; . . . ; j
Since the vectors dvk are in the space a, they generate a j-dimensional subspace of a. Therefore, there exists a
linear map b:Rj ! Ri so that the image of the composition ab is the space generated by the vectors dvk. Then
the preceding equations may be written in the form,Babaþ Aðda1; . . . ; dajÞ ¼ 0:The solvability condition of this equation is,rBðabÞa ¼ 0:
Then,ðda1; ::; dajÞ ¼ A1ðBabaÞ
which means that (da1, . . ., daj) is of the form ba with b a multilinear map. Proceeding to the evaluation
of the parameter n from the higher order terms of the Taylor expansion, Eq. (30), we get, see Lazopoulos
(2006c)n2 ¼  2rAtab dt
rCðabÞ3 þ 3rBðabÞðbbÞ2 ð39Þwhere C = $B, with the gradient vector referred to the variables vi. It is apparent that Eq. (39) is valid when
the denominator is not equal to zero and its RHS is positive; in the negative case equilibrium does not exists.
The present singularity is classiﬁed as the fold (A2) singularity. In the case of zero denominator higher order
terms of the Taylor expansion, Eq. (30), should be considered and higher singularities are shown up. Further
details of the procedure may be found in Lazopoulos (2006a). h4. The compound branching case
When the space b of the solutions to the homogeneous Eq. (34) is two-dimensional, (j = 2), compound
branching has been located. Speciﬁcally, there exist, in this case, two independent solutions u1 and u2 of
the linear homogeneous problem (34). Let us call this kernel as d. Therefore,d ¼ ½u1;u2 ð40Þ
where n1, n2 are parameters not yet deﬁned. In addition, any vector in the space d is deﬁned by the linear com-
bination of the two vectors u1 and u2 i.e.b ¼ n1u1 þ n2u2 ð41Þ
Moreover, the necessary condition for the existence of compound branching is expressed by the equation,rBa2d ¼ 0 ð42Þ
Furthermore, the branching Eq. (42) is equivalent toðBa2 þ AbÞd ¼ 0 ð43Þ
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compound branching along with the instability modes au1,au2.
The deﬁnition of the post-critical equilibrium paths, in the compound branching case, is a complicated
problem even for the unconstrained systems, due to the interaction of the instability modes. Mathematical
procedures may be found in various places. However, those procedures need elimination of passive coordi-
nates and normalization of the energy function. More advanced methods lift the normalization. In any case
the problem is not simple and needs some elaborate mathematical treatment. Pointing out that the tangent
vector to the equilibrium path at the critical point lies in the space of the kernel of the linear homogeneous
problem, and recalling the deﬁnition of the critical curve, the simultaneous solution of the equilibrium Eq.
(23) or Eq. (28) and the branching Eq. (42) or Eq. (43) describe a critical curve. Indeed, the parameters tj
may be adjusted so that every point of a curve is critical with one-dimensional kernel that varies from point
to point, in the neighborhood of a compound branching point. In fact those critical equilibrium paths are
deﬁned by the equations:ðrAÞjy ¼ 0 or ðAaÞjy ¼ 0 ð44Þ
ðBa2 þ AbÞjybðyÞ ¼ 0; or rBa2bðyÞ ¼ 0 ð45Þwhere b(y) denotes the one-dimensional variable kernel of the linear homogeneous Eq. (45). It is evident those
critical curves pass through the compound critical point. See Figs. 2–5. Recall that any equilibrium path
including a branching point is tangent to the critical curve and their common tangent lies in the kernel b (vi, tj).
The analysis follows just the same steps as in the unconstrained case, see Lazopoulos (2006a). First the crit-
ical curves through a compound critical point are described. Next, the tangents to those curves at the com-
pound branching point will be deﬁned. In reality the tangent to a critical curve at a point lying in a
neighborhood of the compound branching point will be drawn; in addition, the limit of the tangent will be
found when that point approaches, following the critical curve, the compound branching point. It is evident
that the tangent of the critical curves at the compound critical point lies in the two-dimensional kernel d. Since
the critical curves and the equilibrium paths have common tangent at their common branching point, see in
the unconstrained case, the tangents at the critical curves serve as tangents to the equilibrium paths too. The
procedure helps in deriving explicit formulae for the branching equilibrium paths. These formulae are going to
be derived. Recalling that the critical curves have already been deﬁned by Eqs. (44a) and (45a), their tangent
vector,dv ¼ ðdv1; . . . ; dv6Þ ð46Þ
may be deﬁned diﬀerentiating those equations, i.e.½Ba dvþ A daþ Ata dtjy ¼ 0 ð47aÞFig. 2. The kernel space of an equilibrium path.
Fig. 3. The critical curves in the neighborhood of a compound branching point.
Fig. 4. Geometry of a critical curve and an equilibrium path through a simple branching point.
Fig. 5. The geometry of the ﬁrst order displacement vector in the two-dimensional kernel space.
K.A. Lazopoulos, D.G. Bakogianni / International Journal of Solids and Structures 44 (2007) 3861–3874 3869½ðCa2 þ BbÞb dvþ ðBta2 þ AtbÞb dtþ ð2Ba daþ A dbÞbþ ðBa2 þ AbÞ dybjy ¼ 0 ð47bÞwhere C = $B; it is reminded that the symbol ()t means diﬀerentiation with respect to the loading parameter t.
Now that a critical curve has been considered, all its points are branching points and its tangent vector lies in
the kernel corresponding at that point,dv ¼ ab and da ¼ bb ð48ÞSubstituting dv and da from Eqs. (48), Eq. (47b) becomes, after multiplication by the cokernel r:½rðCa2 þ BbÞbabþ rðBta2 þ AtbÞb dtþ rð2BabbÞbþ rðBa2Þ dbjy ¼ 0 ð49ÞWhen the point y, of the critical curve, reaches the compound critical point y0, the tangent vector b lies in the
two-dimensional kernel d and in fact is deﬁned, at this equilibrium placement of compound branching point,
by:b ¼ d  c ð50Þ
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the last term in Eq. (83) becomes zero since db lies in the two-dimensional kernel d at the compound branching
point. Thus, if b is the tangent vector to the critical line, that is also tangent to the equilibrium path andc ¼ ½n1; n2 ð51Þ
Hence, the tangent vector b is deﬁned by:b ¼ n1u1 þ n1u2 ð52Þ
Consequently, as the critical point, tracing the critical curve, reaches the compound critical point, Eq. (49)
becomes:rðCa2 þ BbÞaðdcÞ2 þ rðBta2bÞðdcÞ dtþ 2rBabðdcÞ2 ¼ 0 ð53Þ
Eq. (53) is an algebraic equation that yields the vectors c with respect to the incremental loading dt. Never-
theless, a more convenient way for the deﬁnition of the vectors c is revealed when Eq. (53) is multiplied by a
vector dg orthogonal to dc in the sense that:rðBta2 þ AtbÞðdcÞðdgÞ dt ¼ 0 ð54aÞ
Accordingly, multiplying Eq. (53) by dg we get:rCa2ðdcÞ2ðadgÞ þ rBðaðdgÞÞbðdcÞ2 þ 2rBðaðdcÞÞbðdcÞðdgÞ ¼ 0 ð54bÞ
The solutions of the system (54a) and(54b) with respect to the vector c deﬁne the tangent directions of the
equilibrium paths. The number of solutions to Eqs. (54a) and (54b) classify the umbilic singularity. In fact
three c vectors correspond to elliptic umbilic, whereas the one to hyperbolic and two to parabolic umbilic.
The post-critical equilibrium placements as functions of the loading increment are located with the help of
Eq. (39) for each already known tangent vector.
The procedure is illustrated on the discussion of the compound branching analysis concerning the applica-
tions that are presented in the next chapter.
5. The application
The scope of the present section is the presentation of the simplest branching constrained material cases,
implementing the theory. Although the theory works with the interaction of many constraints, the application
considers a transversely isotropic unit cube under normal and shear homogeneous traction and is subjected to
one only constraint, Ericksen’s constraint, imposing constant ﬁrst strain invariant I1, Beatty (1987) p.1717,
Ericksen (1985). This constraint has extensively used in constrained crystals and is classiﬁed as one of the most
known constraints with the term of total inextensibility, Cohen and Wang (1987) and Marlow (1992). That has
been chosen because it is a non-standard constraint. The critical conditions will be deﬁned and the post-critical
equilibrium paths will be described in the neighborhood of a compound critical placement.
The application deals with the compound branching problem of a transversely isotropic unit cube under the
action of traction yielding homogeneous plane deformations. In addition the material is constrained so that its
ﬁrst strain invariant I1 be constant. The plane of deformation includes the transverse axis (x3). According to
the theory, the strain energy density function W depends on the strain invariants I1, I2, I3 and the quantities
K1 = e33 and K2 = e3ae3a, Green and Adkins (1960) p. 26. Since the strain energy function in this case is
expressed by,W ¼ aðI2  1Þ þ be233 þ cðe231 þ e233Þ þ dðe231 þ e233Þe33 ð57Þ
Thus the potential of the problem V has the form,V ¼ W  t11u11  t13ðu13 þ u31Þ  t33u33 ð58Þ
Furthermore, the constraint condition is given by:Q ¼ I1  2 ¼ 0 ð59Þ
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where p is the Lagrange multiplier due to the constraint. The strain energy density, Eq. (57) is acceptable if the
zero strains (unloaded state) correspond to zero stresses. Simple algebra reveals that in the unloaded state,t11 ¼ t33 ¼ 2ðaþ pÞ; t12 ¼ t21 ¼ 0
Thus zero stresses at zero strains require,aþ p ¼ 0
where p stands for the Lagrange multiplier at the zero displacement. Therefore, the zero stresses requirement
for the present problem does not demand any additional restrictions between the material parameters a, b, c
and d.
As it has been assumed, the deformation takes place in the plane (x1,x3) and the u12, u22, u21, u32, u23 strain
components are zero; in addition the Eqs. (8)–(10) have to be satisﬁed. These restrictions express the symmetry
of the Cauchy stress tensor or zero rotational momentum. Solving these equations for the variable u31, we get:u31 ¼ ðu11t13 þ u13t33  u33t33Þ=t11 ð60Þ
Proceeding to the analysis of the compound branching problem, we deﬁne by:x1 ¼ u11; x2 ¼ u13; x3 ¼ u33 ð61Þ
andt1 ¼ t11; t2 ¼ t13; t3 ¼ t33 ð62Þ
Next, the matrix A must be deﬁned, i.e.A ¼
oV
ox1
oV
ox2
oV
ox3
oQ
ox1
oQ
ox2
oQ
ox3
" #
ð63Þand the cokernel r is deﬁned by the vectorr ¼ ½1;V 1=Q1 ð64Þ
where the sub-index denotes diﬀerentiation with respect to the variable xi, i = 1,2,3. Likewise the space a is
deﬁned by,a ¼
1 0
 Q1Q2 1
0  Q2Q3
2
664
3
775 ð65ÞIn addition, the matrix B = $A is,B ¼
V 11 V 12 V 13
V 21 V 22 V 23
V 31 V 32 V 33
2
64
3
75
Q11 Q12 Q13
Q21 Q22 Q23
Q31 Q32 Q33
2
64
3
75
2
666666664
3
777777775
ð66ÞThe compound branching condition (42) and the equilibrium Eqs. (23) or (27) are simultaneously satisﬁed for
the following values of the various parameters:
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t11 ¼ t1 ¼ 1:31; t13 ¼ t2 ¼ 1:14; t33 ¼ t3 ¼ 1:14
u11 ¼ x1 ¼ 0:57; u13 ¼ x2 ¼ 0:52; u33 ¼ x3 ¼ 0:16
ð67ÞIn this case, the matrix A, Eq. (63), is given by,A ¼ 13:16 58:02 73:070:557 2:453 3:09
 
ð68Þwith the space a, Eq. (65), deﬁned by,a ¼
1 0
0:227 1
0 0:793
2
64
3
75 ð69Þwhereas r, Eq. (64) becomes:r ¼ ½1; 23:64 ð70Þ
At the point we are discussing, the branching condition,rBa2 ¼ 0 0
0 0
 
ð71Þaccepts a two-dimensional kernel d,d ¼ 1 0
0 1
 
ð72ÞFurther analysis requires for the deﬁnition of the tangents to the branching paths, the implementation of the
Eqs. (54a) and (54b). Indeed, assuming thatc ¼ ½n1; n2 and k ¼ n1=n2 ð73Þ
whereas,g ¼ ½g1; g2 and m ¼ g1=g2 ð74Þ
Eq. (54b) gives:1377:01þ 349:47k þ 159:93k2 þ 174:73mþ 319:86kmþ 769:11k2m ¼ 0 ð75Þ
Likewise, Eq. (54a) yields,dt1ð93:35þ 61:86mþ kð61:86þ 43:30mÞÞ þ dt2ð75:74 57:35k þ 183:122m 39:98kmÞ
þ dt3ð33:19 13:22k  13:22mþ 42:92kmÞ ¼ 0 ð76ÞThe resultant for m of the Eqs. (75) and (76) yields a cubic equation for k,43413:7dt2ð2:09þ kÞð1:0148þ 0:928k þ k2Þ  54501:7dt1ð1:48þ kÞð1:26105þ 0:62k þ k2Þ
þ 17034:5dt3ð0:518þ kÞð2:72þ 0:024k þ k2Þ ¼ 0 ð77ÞIt is evident that further investigation of the cubic equation is possible for various values of the ratios dt3/dt1
and dt2/dt1. In fact, in the plane of the ratios dt3/dt1 and dt2/dt1 areas may be located so that Eq. (77) accepts
three, two or one real solution. For the speciﬁc values of the ratios,dt3 ¼ 1:3dt1; dt2 ¼ 2 dt1 ð78Þ
Eq. (77) accepts three solutions,k1 ¼ 2:08; k2 ¼ 0:363; k3 ¼ 6:716 ð79Þ
yielding the three tangent vectors,
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du13
du33
2
64
3
75 ¼ n1
2:08
1:47
0:79
2
64
3
75; n2
0:363
1:082
0:794
2
64
3
75; n3
6:716
0:523
0:794
2
64
3
75 ð80ÞSince the directions of the tangent vectors to the equilibrium paths have been deﬁned, analysis may be further
proceeded by using Eq. (53) for the description of the ﬁrst order post-critical paths, evaluating the parameters
ni. Indeed, Eq. (53) yields in the present case the three values of ni, i = 1, 2, 3 corresponding to ki and are found
to be equal to,n1 ¼ 11:49 dt1; n2 ¼ 5:0 dt1; n3 ¼ 9:15 dt1 ð81Þ
Hence the three post-critical paths are described by,u11
u13
u33
2
64
3
75 ¼
0:570
0:519
0:163
2
64
3
75þ 11:49 dt1
2:08
1:47
0:79
2
64
3
75 ð82Þ
u11
u13
u33
2
64
3
75 ¼
0:336
0:044
0:801
2
64
3
75 5:0 dt1
0:363
1:082
0:794
2
64
3
75 ð83Þ
u11
u13
u33
2
64
3
75 ¼
0:336
0:044
0:801
2
64
3
75þ 9:14 dt1
6:716
0:523
0:794
2
64
3
75 ð84ÞUsing Eq. (9) the strain component u31 may be deﬁned. The present analysis may be applied to constrained
crystals too.
6. Conclusion
The present work is studying the classiﬁcation of the singularities of elastic homogeneous deformations and
completes the problem of related instabilities, especially in the region of anisotropic materials; the branching
of their equilibrium paths has been discussed and simple formulae were given. The classiﬁcation of the various
singularities has been performed. Especially, the compound branching problem was treated with detail, just to
provide tools for better understanding of the material branching in anisotropic materials. The theory may also
work on the simultaneous action of many internal constraints of any kind. The present theory is required for
the location of discontinuous strain ﬁelds. The theory may be applied to crystal instabilities as well.References
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